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Abstract
We deform two-dimensional topological gravity by making use of its gauge theory formulation.
The obtained noncommutative gravity model is shown to be invariant under a class of transfor-
mations that reduce to standard diffeomorphisms once the noncommutativity parameter is set
to zero. Some solutions of the deformed model, like fuzzy AdS2, are obtained. Furthermore, the








Quantum eld theories formulated on a noncommutative space have become recently the
object of renewed interest. This is primarily due to the realization that noncommutative
U(N) gauge theories arise in the eld theory limit of strings in a constant B-eld back-
ground [1]. The perturbative analysis of such theories is simplied by the fact that the
noncommutativity of spacetime can be traded o by a modied multiplication rule for
the elds, i.e. functions on noncommutative Rd can be treated as ordinary functions on
standard Rd with a deformed multiplication given by the Moyal -product.
By now there exists an abundant literature on the perturbative and non perturbative
studies of eld theories in noncommutative flat Rd. For a review and an extensive list
of references cf. e. g. [2]. On the contrary, very little is known about corresponding
theories in a curved noncommutative space or else about a noncommutative formulation
of gravity itself. One of the main obstacles to overcome in the formulation of gravity on
noncommutative spaces is related to the fact that the Moyal product does not maintain
reality. One possible way to preserve nevertheless reality of the gravitational elds is
to use explicitely the Seiberg-Witten map [3]. Otherwise it seems that one is forced to
complexify the elds [4{6]. However, complex gravity may be plagued by inconsistencies
already at the commutative level [7, 8].
Here we attack the problem starting from the theory of noncommutative gravity formu-
lated in two space-time dimensions. In this case we can take advantage of our knowledge
about non commutative gauge theories. There we know how to deform the gauge trans-
formations for the elds and everything is under control at least at the kinematical level.
In fact the Jackiw-Teitelboim (JT) model [9] of 2-d commutative gravity can be written
as a topological SU(1, 1) gauge theory [10, 11]. Within this formulation embedding in
a noncommutative space is straightforward: since in the volume form the metric does
not appear it is sucient to introduce the -product appropriately and extend the gauge
group to U(1, 1)1. We will show how to write the action in terms of real elds and how to
achieve the decoupling of the extra U(1) in the commutative limit. Then we address the
issue of dieomorphisms. We nd that the deformed action is invariant under a class of
transformations that reproduce the standard dieomorphisms in the commutative limit.
Moreover, once the equations of motion are imposed, they are equivalent to gauge trans-
formations, as it happens in the commutative case.
Our paper is organized as follows: in the next section we dene the noncommutative
gravity action in terms of a topological two-dimensional gauge theory and write the equa-
tions of motion. In section 3 it is shown that the Seiberg-Witten (SW) formula maps
the deformed model into the standard commutative topological gauge theory. In section
4 we show that the action enjoys an invariance that reduces to ordinary dieomorphism
invariance in the commutative case. In section 5 we obtain solutions of the equations of
motion and discuss their dependence on the noncommutativity parameter. Finally we
present our conclusions.
1For other attempts to formulate gravity on noncommutative spaces based on Chern-Simons actions
and its variants cf. [12–16].
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2 Deformation of two-dimensional topological gauge
theory
It is well-known that the JT model [9] of dilaton gravity in two dimensions can be for-
mulated as an SU(1, 1) topological gauge theory [10, 11]. This is similar to the three-
dimensional case, where pure Einstein gravity can be written as a Chern-Simons the-
ory [17]. In what follows, we will use this gauge theory formulation to dene 2-d noncom-
mutative gravity. To this end, we rst note that the group SU(1, 1) is not closed with
respect to the Moyal product, and thus we are forced to consider a gauge theory based on
U(1, 1). The action of the U(1, 1) gauge theory on noncommutative R2, with coordinates
xµ satisfying [xµ, xν ] = iθµν , reads
S = β
Z
Tr( ? F ) , (2.1)
where β is a dimensionless coupling constant.  = AτA, A = A
A
µ τAdx




µ ^ dxν take values in the Lie algebra u(1, 1) (the generators τA are given in the
appendix). The star denotes the usual Moyal product, and
F = DA = dA + A ^? A ,
+
Fµν = ∂µAν − ∂νAµ + Aµ ? Aν − Aν ? Aµ . (2.2)
Note that the elds A, AAµ and F
A
µν are real, and that this reality is preserved under the
innitesimal gauge transformations2
δλA = dλ + [A, λ] = Dλ , δλ = [, λ] , (2.3)
where λ = λAτA. The integrated form of (2.3) is given by
A! g−1? ? A ? g + g−1? ? dg , ! g−1? ?  ? g , (2.4)
with g = exp? λ 2 U(1, 1)?, i. e. , g−1? = ηgyη, where η = diag(−1, 1) and g ? g−1? = 1 =
g−1? ? g.
The equations of motion following from (2.1) read
F = 0 , (2.5)
D = d + [A, ] = 0 , (2.6)
2In what follows, all commutators and anticommutators are taken with respect to the Moyal product.
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so that the solutions are those of flat U(1, 1) connections in two dimensions. The equation
(2.5) implies that locally one can write
Aµ = g
−1
? ? ∂µg , (2.7)
with g 2 U(1, 1)?. Using
∂µg = iθµν [g, x
ν ] , (2.8)
where θµνθ
νλ = δλµ, and dening the covariant coordinates
Xµ = xµ + iθµνAν , (2.9)
one immediately obtains
Xµ = g−1? ? x
µ ? g . (2.10)
Note that the Xµ satisfy [Xµ, Xν ] = iθµν . We still have to solve Eq. (2.6), which is
equivalent to [, Xµ] = 0. Inserting (2.10) and the ansatz  = g−1 ? B ? g, where
B 2 u(1, 1), one gets ∂µB = 0, so B is constant. The solution of (2.6) is thus
 = g−1? ? B ? g . (2.11)
In order to make contact with gravity, we decompose the u(1, 1) valued scalar and gauge
elds according to
A = (φa, φ, ρ) , AAµ = (e
a
µ/l, ωµ, bµ) , (2.12)
where a = 0, 1 and l is related to the negative cosmological constant by  = −1/l2. We
note that in the noncommutative case one is forced to include the elds ρ and bµ, which
correspond to the trace part of u(1,1), in addition to the usual spin connection ωµ = ω01µ,
the zweibein eaµ, and the scalars φ and φ
a.
In what follows it will be convenient to dene





T aµν = ∂µe
a
















ν ]  Ωaµ b ? ebν − ebν ? Ω aµ b . (2.16)
We will see below that Ωab can be interpreted as a noncommutative so(1, 1) u(1) spin
connection, with a trace part given by the abelian gauge eld bµ, whereas T
a is the
noncommutative torsion.








(Rabµν − 2ea[µ ? ebν]− 2φa ? T aµν , (2.17)
where we dened the noncommutative curvature two-form










µ ] , (2.18)
from which we can see that indeed Ωab plays the role of an so(1, 1)u(1) spin connection.
The action (2.17) denes our model of noncommutative gravity in two dimensions.
As in the commutative case, the elds φa are Lagrange multipliers imposing the constraint
T aµν = 0, i. e. , the vanishing of the noncommutative torsion.















(Ωcν a ? φcb − φac ? Ω cν b )−
1
2












Ωaν b ? φ






φ ab ? e
b
ν − ebν ? φab

= 0 .











is real and symmetric, and reduces to the usual expression for the metric in the commu-
tative case, whereas
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is real and antisymmetric, and vanishes for θµν = 0.
We nally note that the action (2.1) can be rewritten as a matrix model for the covariant
coordinates Xµ dened in (2.9). Setting θ = θ01, the action reads
S = − β
2θ2
µνTrH( ? ([Xµ, Xν]− iθµν)) . (2.23)
Here  and Xµ are operators acting on a Hilbert space H = H0 ⊗ V , where H0 is the
innite-dimensional subspace of the Hilbert space carrying the irreducible representation
of [xµ, xν ] = iθµν , whereas V carries the fundamental representation of u(1, 1) [2, 18].
From (2.23) we see that the scalar  is a Lagrange multiplier enforcing noncommutativity
of the covariant coordinates,
[Xµ, Xν] = iθµν , (2.24)
and θ enters the coupling constant. It is interesting to note that, by generalizing the map
from u(2) to u(1) gauge models constructed in [18] to a correspondence between u(1, 1)
and u(1), one can represent the u(1, 1) valued functions  and Xµ as scalar functions in
a u(1) theory.
3 The Seiberg-Witten map
In [19] it was shown that the Seiberg-Witten formula maps the Chern-Simons (CS) action
on noncommutative spaces into the standard commutative Chern-Simons action. As the
commutative version of the topological gauge theory (2.1) can be obtained from the CS
theory by dimensional reduction, one might ask whether a similar property holds for (2.1),
i. e. , whether it is related to the standard commutative topological gauge theory by the
Seiberg-Witten map. We will now show that this is indeed the case.
A correspondence between commutative and noncommutative gauge eld theories can be
dened by the SW map [1]
δ = − i
4




δθαβ [2fFµα, Fνβg − fAα, ∂βFµν + DβFµνg] , (3.1)
where the transformation formula for the adjoint scalar  can be found by dimensional
reduction from three to two dimensions, setting θ2µ = 0, µ = 0, 1, and  = A3.
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In order to study the variation of the action (2.1) under the SW map, we dierentiate it


























fFαβ, g ? F01 − i
4
 ? fF0α, Fβ1g+ i
4
 ? fF0β , Fα1g

. (3.3)
As we are in two dimensions, the only nonvanishing component of θµν is θ01 = θ. It is
then easy to see that
δS
δθ
= 0 , (3.4)
and therefore the deformed action is mapped to the standard commutative one. We
have to keep in mind, however, that the SW map is of perturbative nature in θ, so
the equivalence between the deformed and undeformed models holds perturbatively. Of
course, the noncommutative theory (2.1) can also have solitonic solutions that become
singular for θ ! 0, and thus have no analogue in the commutative case.
4 Gauge symmetries and deformed diffeomorphisms
In this section we want to nd a candidate for dieomorphisms in the noncommutative
case3. Since in the commutative limit we want to obtain standard results, we start from
what is known in that case. The commutative version of our action (2.1) is invariant not
only under the commutative version of the gauge transformations (2.3), but also under
innitesimal dieomorphisms (Lie derivatives) along an arbitrary vector eld v = vµ∂µ,
LvA = (div + ivd)A ,
Lv = ivd , (4.1)
where iv is the inner product on dierential forms.
Using the Leibnitz rule for the inner product (ωp and ξq are respectively a p- and a
q-form),
iv(ω
p ^ ξq) = (ivωp) ^ ξq + (−)pωp ^ (ivξq) , (4.2)
3For related work cf. [20].
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it is easy to prove that
LvA = δivAA + ivF ,
Lv = δivA + ivD . (4.3)
From Eq. (4.3) and from the equations of motion (2.5-2.6) we see that, on-shell, the
innitesimal dieomorphisms can be written as gauge transformations with parameters
λ = ivA. This fact can be used to relate translations and gauge transformations with
λ = αaτa. To this end we divide the connection into a part containing the zweibein and
a part containing the spin connection and the center U(1),
A = l−1e +  , e = eaµτadx
µ ,  = ωµτ2dx
µ + bµτ3dx
µ . (4.4)
In this way, with an invertible eaµ, we can write
vµ := leµaα




= LvA + δivΘA ,
δαaτa
.
= Lv + δivΘ . (4.6)
In the noncommutative case the situation is quite dierent. Whereas the action (2.1) is
invariant under gauge transformations (2.3), the invariance under dieomorphisms seems
to be completely destroyed. However we will show that the results obtained in the com-
mutative case naturally suggest how to deform the dieomorphism invariances in the
noncommutative case.
Let us introduce the most natural generalization of the inner product and the Lie deriva-










ρ ? ωpρµ1...µp−1 + ω
p
ρµ1...µp−1 ? v















) ? vρ + ωpρµ2...µp ? ∂µ1v
ρ + . . .
+ ωpµ1...µp−1ρ ? ∂µpv
ρ
io
dxµ1 ^ . . . ^ dxµp
4We use the symbol .= for equations which are valid on-shell.
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where the exterior derivative d is dened as in the commutative case and satises the
same properties. It is important to note that the Leibnitz rule in Eq. (4.2) is not valid
anymore. Using the above denitions we get


















i?v[A ? ] = (i
?
















vF + δi?vAA ,
?v = i
?
vD + δi?vA . (4.9)
Now we want to prove that these transformations are symmetries of the action modulo
boundary terms. First we note that, if ξ is a 1-form and ω is a two form, a noncommutative
integrated version of the Leibnitz rule (4.2) is valid:
Z


























(i?vξ) ? ω . (4.10)
Note that in order to obtain (4.10) the symmetric form of the denition of i? and the fact
that we are in two dimensions are crucial.
Since we know that the action is gauge invariant under (2.3), in order to prove its in-
variance under the deformed dieomorphisms (4.9) it is sucient to show that it remains













i?(D) ? F +  ? (di?vF + i
?












D ^? i?vF − (d + A ? −  ? A) ^? i?vF

= 0 . (4.12)
Thus we have shown that the deformed dieomorphisms (4.14) are indeed symmetries of
the action.
We can also write the noncommutative version of Eq. (4.6) as
δαaτaA
.
= ?vA + δi?vΘA ,
δαaτa
.
= ?v + δi?vΘ , (4.13)
where now v = vµ∂µ is such that α
a = l−1i?ve
a. Note that the vector v can always be
chosen to be real. This is shown in appendix C.
Using Eq.(4.8), it is straightforward to prove that the deformed dieomorphisms (4.9) can
be written as









The transformation properties of the elds (2.12) under the action of (4.14) are given in
appendix D. In particular, the symmetric part gµν and the antisymmetric part Bµν of the
metric (2.20) transform as






















ab(feaµ, [ωρ, [ebν , vρ]]g+ feaν , [ωρ, [ebµ, vρ]]g
−feaµ, [ebρ, [bν , vρ]]g − feaν , [ebρ, [bµ, vρ]]g) ,
?vBµν = L?vBµν −
i
4
ηab(f[eaµ, vρ], ∂ρebνg − f[eaν , vρ], ∂ρebµg
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ρ]]]− [eaν , [ωρ, [ebµ, vρ]]]
−[eaµ, [ebρ, [bν , vρ]]] + [eaν , [ebρ, [bµ, vρ]]]) .
One may note that these transformations reduce to ordinary dieomorphisms if θµν = 0.
5 Some solutions
5.1 Fuzzy AdS


















































At this point, we observe that g is the product of two matrices f, h 2 SU(1, 1), each
one depending on a single variable only. This implies that f, h are elements of U(1, 1)?.
Consequently we have ~g := f ?h 2 U(1, 1)? and we can use ~g to obtain a noncommutative
solution ~Aµ = ~g
−1
? ∂µ~g.
With these matrices, we easily obtain
~Aµ = Aµ , (5.4)
so that (5.1) is a solution of the noncommutative gravity. This is the fuzzy AdS2.
Fuzzy AdS2 was obtained in [21]
5 by an analytic continuation of the fuzzy sphere [23].
Let us briefly recall the construction. We denote the Cartesian coordinates of AdS2 by
X−1, X0, X1. The algebra of fuzzy AdS2 is [21]
[X−1, X0] = −iθl−1X1 ,
[X0, X1] = iθl−1X−1 , (5.5)
[X1, X−1] = iθl−1X0 ,
5Cf. also [22].
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where θ is the noncommutativity parameter, and l the curvature radius of AdS2, so
ηijX
iXj = −(X−1)2 − (X0)2 + (X1)2 = −l2 , (5.6)
with (ηij) = diag(−1,−1, 1). The isometry group SU(1, 1) of AdS2 preserves the algebra
(5.5), and thus SU(1, 1) is also a symmetry of fuzzy AdS2.
In the commutative case θ ! 0, the X i are commuting coordinates and one can parametrize
AdS2 by




This leads to the induced metric (5.1).
In the noncommutative case, (5.7) suggests the denition
r = X−1 + X1 , t =
l
2
(r−1X0 + X0r−1) , (5.8)
where we have introduced symmetrized products for r−1 and X0 so that t is a Hermitian
operator [21]. From (5.5) it follows that the commutation relation for t and r is given by
[t, r] = iθ . (5.9)
Further evidence for (5.9) was given in [22] by considering closed strings in AdS2. Besides,
we note that (5.9) is preserved by dieomorphisms generated by the three Killing vectors
of the metric (5.1).





(−dt2 + dx2) , (5.10)
the new coordinates obey the commutation relation
[x, t] = iθl−2x2 , (5.11)
which is that of a quantum plane structure.
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5.2 Deformed solutions
Besides the hermitian metric dened in equation (2.20), there is another fundamental












is real and antisymmetric and reduce to the usual volume form in the commutative case,
whereas







is real and symmetric and vanishes for θµν = 0.
We observe that, while in the commutative case the tensors Gµν and Eµν are invariant un-
der the gauge transformations corresponding to the boost and the U(1) gauge symmetry,
in the noncommutative case this invariance property is no longer valid. Using Eq.(B.2),




[Eµν , ξ] , δξτ2Eµν = −
1
2
[Gµν , ξ] . (5.15)




[Mµν , ξ] , δξτ2Bµν =
i
2




[Bµν , ξ] , δξτ2Mµν =
i
2
[gµν , ξ] . (5.16)





[Gµν , χ] , δχτ3Eµν =
i
2






[gµν , χ] , δχτ3Bµν =
i
2




[Hµν , χ] , δχτ3Mµν =
i
2
[Mµν , χ] . (5.18)
We see that in the noncommutative case all the elds become charged under the U(1)
gauge symmetry.
These results can be summarized and generalized to nite gauge transformations assem-






















? U . (5.20)
In order to deform the classical AdS2 solution (5.1), we can iterate Eq. (5.16) twice,














[∂r∂tξ∂tξ − ∂2t ξ∂rξ − 3r−1∂tξ∂tξ] +O(θ3) , (5.21)
Mtt = −θ r
l2
∂tξ +O(θ3) ,




where ξ(t, r) is an arbitrary function, which should of course be restricted appropriately
if one wants the metric to approach AdS2 asymtotically, i. e. , for r !1. Note that the
antisymmetric volume form Hµν , as well as Bµν , continue to be zero.
We further observe that corrections to the metric become very large when r ! 0, so that
perturbative calculations in the noncommutativity parameter θ are not reliable near the
horizon.
6 Conclusions
In this paper, we presented a model of noncommutative gravity in two dimensions based
on a deformation of an SU(1, 1) topological gauge theory. The substitution of ordinary
products by the Moyal product makes it necessary to enlarge the gauge group to U(1, 1).
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This amounts to introducing an additional abelian gauge eld as well as an additional
scalar. Those elds corresponding to the trace part are coupled to the gravitational
elds in the noncommutative case, and decouple for θµν = 0. We also showed that the
deformed action admits an equivalent formulation in terms of a matrix model, whose
coupling constant contains the noncommutativity parameter.
The metric that we dened contains a symmetric part, which reduces to the ordinary
metric once the noncommutativity parameter is set to zero, and an antisymmetric part
that vanishes for θµν = 0.
Furthermore, some solutions of the noncommutative model, like fuzzy AdS2, were ob-
tained, and symmetries of the deformed action were studied. In particular, it was found
that the action is invariant under a class of transformations that reduce to ordinary dif-
feomorphisms in the commutative case.
We saw that the Seiberg-Witten formula maps the topological gauge theory on non-
commutative spaces to the standard commutative one. This behaviour is known from
three-dimensional Chern-Simons theory [19], and might be related to the topological na-
ture of the model. One has to keep in mind, however, that the Seiberg-Witten map is of
perturbative nature in θ, and that the deformed action can admit solitonic solutions that
become singular when the noncommutativity parameter tends to zero. Therefore, we do
not expect the deformed model to be entirely equivalent to the undeformed one.
Further development of our work would be to address issues like the quantization of the
theory, or the classication of solutions of the matrix model (2.23). We hope to report on
this in the near future.
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A Conventions
An element M of the Lie algebra u(1, 1) satises
Mab = −ηbc M cdηda , (A.1)





































where (ηAB) = diag(−1, 1, 1,−1) is the inner product on the Lie algebra. The generators
(A.2) satisfy the relation (A.1). Further, if i, j, k assume the values 0, 1 and 2, then the
following relations hold:
[τi, τj] = −ijkτk (A.4)














where (ηij) = diag(−1, 1, 1) and 012 = 1.













B Gauge transformations of the gravitational fields
In this appendix we write the explicit form of the dierent gauge transformation for the
gravitational elds dened in Eq.(2.12). If we divide gauge transformations dened in
Eq. (2.3) in translations (λ = αaτa), boost (λ = ξτ2) and U(1) gauge symmetry (λ = χτ3),
their action on the elds turns out to be the following:
 Translations
δαe












[ρ, αa] , (B.1)
δαω = − 1
2l
abfea, αbg , δαφ = −1
2
abfφa, αbg ,
δαb = − i
2l
ηab[e








abfeb, ξg , δξφa = −1
2
abfφb, ξg ,
δξω = dξ +
i
2
[b, ξ] , δξφ =
i
2
[ρ, ξ] , (B.2)
δξb = − i
2
[ω, ξ] , δξρ = − i
2
[φ, ξ] .













[ω, χ] , δχφ =
i
2
[φ, χ] , (B.3)
δχb = dχ +
i
2




C Reality of the vector field v
We still have to prove that the vector eld v generating the transformations (4.9) can
always be chosen to be real. Indeed assuming the zweibein eaµ to be invertible as an
ordinary matrix, we look for a solution v of lαa = i?ve
a = vµ ?S e
a














v is of order n in θµν .
Now we write





















































whereas the rst order condition
(1)
v µeaµ = 0 (C.4)
implies that
(1)
v µ  0. By induction, knowing (n)v µ for every n  2k, the (2k+2)v µ and (2k+3)v µ




v µ of lower order. So,
if
(1)
v µ  0, then (2n+1)v µ  0 for every n and knowing (0)v µ one can construct iteratively the
complete solution of the condition (C.2).
D Transformation properties of the fields
Under the action of the transformations (4.14), the elds (2.12) transform as
?ve
a













(feaν , [bµ, vν ]g+ fbν , [eaµ, vν]g ,
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(fων , [bµ, vν]g+ fbν , [ωµ, vν]g ,









fbν , [bµ, vν]g ,
?vφ






b, vν ]]− 1
l








feaν , [ρ, vν ]g+ fbν , [φa, vν ]g

,





















fbν , [ρ, vν]g . (D.1)
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